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SYNTHESIS  OF. THE A N A L Y T I C A L  RESULTS ON O P T I M A L  TRANSFER 
BETWEEN KEPLER IAN ORB I T S  

Chr i s t i an  Marchal, Jean-Pierre  Marec, ONERA, 

C .  B.  Winn, Colorado State Universi ty  
Chatillon-sous-Bagneux (Hauts de Seine) , France and 

ABSTRACT; 
t h e  propuls ion systems which a re  c l a s s i f i e d  i n t o  two main ca t e -  
g o r i e s :  "high t h r u s t  systemsrt (S1) o r ,  b e t t e r ,  systems with an 

imposed exhaust ve loc i ty  (chemical propuls ion,  nuc lear  rocke ts ,  
e t c  ...) and "low t h r u s t  systems" (S2) o r ,  b e t t e r ,  systems with 

an imposed exhaust power (nuc leo-e lec t r ic  propuls ion) .  

The a n a l y t i c a l  r e so lu t ions  u t i l i z e  t h e  classical  op- 
t imiza t ion  theo r i e s  [l] o r  more r ecen t  ones [2-51 with t h e  
method of Hohmann [32] o r  of Lawden [16] o r  of Contensou and 
Breakwell [S, 631. They are c l a s s i f i e d  i n t o  t h e  "time f r ee"  
case  [32-771, t h e  "time-fixed" case  (c lose  o r b i t s )  [78-1291 
and t h e  s t u d i e s  of t h e  "singular arcs" [189-1961; t h e  time- 
f ixed  case between d i s t a n t  o r b i t s  [130-1881 i s  almost always 
s tud ied  numerically.  

The opt imizat ion of  the f i n a l  mass depends upon 

1 - INTRODUCTION 

The problem of  optimal t r a n s f e r s  and rendezvous i s  fundamental i n  space 

In  very general  terms , we can consider " t ransfer"  (with rendezvous)+a 

13 
dynamics. Consequently, many s t u d i e s  have been devoted t o  these  problems [ l-  
2261. 
moving body M of va r i ab le  mass subjected t o  t h e  given g r a v i t a t i o n a l  f i e l d  g and 

a t h r u s t  acce le ra t ion  y .  
t h i s  moving body occurs between two fixed i n s t a n t s  t 

-+ -t 
Every change i n  pos i t i on  o r  v e c t o r  r and v e l o c i t y  7 of 

and tf (Figure 1 ) .  
0 

Optimization cons i s t s  genera l ly  of  minimizing i t s  corresponding expenditure 
i n  prope 1 l a n t  . 

Propulsion systems are normally divided i n t o  two ca t egor i e s  : 

* Numbers i n  t h e  margin ind ica t e  pagination i n  t h e  fore ign  t e x t .  
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' 1. "High-thrust" systems ( t r ans i t i ona l  chemical engines , nuc lea r  rocke ts )  
f o r  which t h e  maximum t h r u s t  Fmax i s  s u f f i c i e n t l y  la rge  compared t o  t h e  l o c a l  

a t t r a c t i o n  force  f o r  t h e  powered o r b i t s  t o  be of  very s h o r t  dura t ion  (quasi-  
impulses).  The e j e c t i o n  ve loc i ty  W i s  moderate (3-8 km/sec); 

2 .  "Low-thrust" systems ( e l e c t r i -  
cal motors f o r  which y/g Q t o  
and which r equ i r e  long- las t ing  powered 
arcs. Thei r  e j e c t i o n  ve loc i ty  i s  la rge  
(10 km/sec and more), 

From t h e  viewpoint of a mathemati- 
cal  ana lys i s  of t he  problem, it i s  
p re fe rab le  t o  adopt a c l a s s i f i c a t i o n  
o f  t h e  propuls ion systems based on t h e  
c a p a b i l i t y  o f  modulating the e j e c t i o n  
v e l o c i t y  and of e s s e n t i a l l y  d i s t i n -  
gu ish ing  between t h e  following two 
mode 1s : 

.#* ( t o )  
4 

1. (S ) systems t o  which an e j e c -  1 t i o n  v e l o c i t y  i s  appl ied  and whose 
t h r u s t  i s  l imi ted  (Figure 2a) .  ("High- 
t h r u s t "  system and e l e c t r i c a l  motors 

imposed). 
Figure 1 .  Transfer  for  which t h e  e j e c t i o n  v e l o c i t y  is  

Figure 2.  Propulsion Systems 

We can then assume as an index of performance f o r  minimizing the  charac- / 4  
t e r i s t i c  ve loc i ty :  

CF .= pT d-t, 
0 , 

2. ( S  ) systems f o r  which the  e j ec t ion  ve loc i ty  i s  sub jec t  t o  modulation 2 
and where the  s o l e  l imi t a t ion  a f f e c t s  the power P of t h e  j e t  (Figure 2b) 

2 



' . ( idea l ized  e l e c t r i c a l  motors). 
assumed t o  be :  

The performance index t o  be  minimized may be 

Studies  on optimal t r a n s f e r  of more complex models, f o r  example with l i m i -  
t a t i o n s  regarding the  power of t h e  j e t ,  t he  e j e c t i o n  v e l o c i t y  and the  flow 
(Figure 2c) [14, 911, o r  i n  the  case of coupled motors of t h e  (S ) and (S ) 1 2 types [188] a r e  r a r e .  

The a n a l y t i c a l  s o l u t i o n  of the  optimal t r a n s f e r  problem based on the  t r a d i -  
t i o n a l  opt imizat ion theo r i e s  (Euler-Lagrange) [ l ] ,  o r  more recent  ones (Conten- 
sou, Pontryagin) [2-51, i s  very d i f f i c u l t  and many s tud ie s  use numerical optimi- 
za t ion  methods (gradient ,  dynamic programming, e t c . )  [6-81. 

However, some preliminary ana ly t i ca l  r e s u l t s  were obtained [9-211 i n  the  
case of any given g r a v i t a t i o n a l  f i e l d ,  br inging t o  l i g h t  t he  d i f fe rences  between 
t h e  so lu t ions  corresponding t o  t h e  various propuls ion systems: f o r  the  (S2) 

systems, t he  t h r u s t  i s  modulated during t h e  t r a n s f e r ;  f o r  t h e  (S ) propuls ion 1 
systems, t h e r e  is a succession of maximum t h r u s t  a rcs  (except i n  a s ingu la r  
case)  and of b a l l i s t i c  a r c s .  

A l l  t he se  so lu t ions  a re  based on the same notion of "vector e f f ic iency"  
(Primer vec to r  by Lawden [16]) ind ica t ing  the  optimum d i r e c t i o n  of t h e  t h r u s t  
whose geometrical  i n t e r p r e t a t i o n  can be given [91]: t h i s  vec to r  has as  i t s  o r i -  
g in  the  moving body M and as i ts  extremity a "p i lo t "  moving body P, c lose  t o  M y  
sub jec t  t o  t h e  same t h r u s t  acce le ra t ion  and t o  t h e  same g r a v i t a t i o n a l  f i e l d  as 
M, descr ib ing  a " d i r e c t r i x  curve" (D) which resembles t h e  t r a n s f e r  t r a j e c t o r y  
(2') of M (Figure 3) .  

A general  a n a l y t i c a l  study /5 
was pursued more successfu l ly  i n  
the  zero [22-251 o r  constant [26] 
g r a v i t a t i o n a l  f i e l d .  

2. CENTRAL G R A V I T A T I O N A L  F I E L D  

In  the  case of a c e n t r a l  
g r a v i t a t i o n a l  f i e l d ,  the  general  
a n a l y t i c a l  s tudy remains q u i t e  
d i f f i c u l t  [27-311. Progress was 
r ecen t ly  made by using kepler ian  
o r b i t a l  elements (O) ,  oscu la t ing  
with respec t  t o  the  t r a j e c t o r y  

D i r e c t r i x  Curve. (7') of M a t  each i n s t a n t ,  as com- 
ponents o$ the  ;state" in s t ead  of 
elements P and Z, o r  o thers  used 

Figure 3 .  Pi lo t  Moving Body and 
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ear1ie.r .  
of canonical trans'formation [29, 301. 

This change i n  va r i ab le s  was e a s i l y  accomplished by using t h e  not ion 

The a n a l y t i c a l  r e s u l t s  most frequently encountered were obtained i n  the  
th ree  following s p e c i f i c  cases : 

1. Transfer  of undefined durat ion [32-771. 

2 .  Transfer  of f ixed  durat ion between c lose  o r b i t s  [78-1291. 

3. Singular  a r c s  [189-1961. 

In  con t r a s t , t he  s tudy of  f ixed-durat ion t r a n s f e r s  between d i s t a n t  o r b i t s  
[130-1881 requi res  almost always the use of numerical methods. 

These a re  the  cases which w i l l  now be examined i n  succession.  

2.1 - T rans fe rs  o f  Undetermined Dura t ion  /6 

This chapter  i s  developed a t  length i n  [74].  

Many s t u d i e s  have been made by assuming t h e  dura t ion  o f  t he  t r a n s f e r  t o  be 
undetermined. This i s  a r e a l i s t i c  assumption i n  the  case of  shor t -dura t ion  
t r a n s f e r s  (maneuvers near  a p l a n e t ) ;  on the  o the r  hand, t h e  ca l cu la t ions  a re  
then very much s impl i f i ed  because the  time is  an inconvenient parameter i n  
c e l e s t i a l  mechanics. 

The S -type propuls ion systems (eject ion power imposed), i n  those  cases 2 
lead t o  s o l u t i o n s  of  i n d e f i n i t e  durat ion and i n f i n i t e l y  low cos t .  
only a s tudy  of  the  S1-type propuls ion systems i s  of i n t e r e s t  ( e j ec t ion  v e l o c i t y  
imposed). 

Therefore,  

The impulse was f irst  s tud ied  by a s impl i f i ed  method which may be c a l l e d  
t h e  "Hohmann method": 
c a l c u l a t e  them so t h a t  t h e i r  sum i s  minimal [32-621. 

a priori we assume the  number of impulses t o  b e  f ixed  and 

The use of t he  "Contensou method" [3-51 has permit ted t h e  determination of  
t h e  t r u l y  optimal t r a n s f e r  i n  many s p e c i f i c  cases .  

Very f e w  a n a l y t i c a l  s tud ie s  [48, 691 were devoted t o  t h e  case of t r a n s f e r s  
between hyperbol ic  o r b i t s .  The i n i t i a l  and f i n a l  condi t ions i n  t h i s  case a r e  
always appl ied  a t  an i n f i n i t e  d i s tance  (with t h e  exception of  s tud ie s  regarding 
the  "s ingular  arcs":  c f .  chapter  2.3) and the  p o s s i b i l i t y  of  producing impulses 
i s  always p re sen t  ( losses  due t o  l imi ta t ions  of  t h r u s t  a r e  then very small  i n  
t he  ordinary cases) .  

Not t ak ing  i n t o  account the  p o s s i b i l i t y  of  braking o r  maneuvering i n  the  
atmosphere, optimal so lu t ions  can be of two types :  

1. Transfer  '%y t h e  pa rabo l i c  (energy) leve l"  (Figure 4) with s i x  impulses 
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a from t h e  I1 t o  16. 

per igees  grazing I and Is; impulses I and I which a r e  used t o  make the  

There a r e  two intermediate  near-parabolas with t h e i r  

2 3 4 
near ly-parabol ic  change a r e  i n f i n i t e l y  d i s t a n t  and i n f i n i t e l y  small. 

2 .  "Remote t r ans fe r ' '  with two i n i t i a l  i m -  / 7  
pulses  (one a t  the  i n i t i a l  p o i n t ,  t he  o the r  a t  
t h e  f i n a l  po in t ) ;  t h e  moving body never passes  a t  
a f i n i t e  distance from the  cen te r  of a t t r a c t i o n .  

3 .  "Close t r ans fe r s " :  t h e  moving body passes  
a t  a f i n i t e  d i s tance  from t h e  p l ane t  of attrac- 
t i o n .  These t r a n s f e r s ,  covering n ine  d i f f e r e n t  
types ,  a r e  a l l  i n  the  same plane and have a maxi- 
mum of four  impulses of which a t  t h e  most one i s  
at a f i n i t e  d i s tance  from t h e  p l a n e t .  Seven of 
t h e  nine types include a pass which comes c lose  
t o  the  surface of t he  p l ane t .  

Figure 4. Transfer  "BY the  
Parabol ic  Level" (or  Six- Note: If the  i n i t i a l  and f i n a l  condi t ions a r e  

i m p u l s e  Transfer ) .  not only assumed t o  be a t  an i n f i n i t e  d i s tance  
but  a l s o  such t h a t  t h e  i n i t i a l  and f i n a l  ve loc i -  

t i e s  ?o and ? a re  v e r t i c a l  ( the f i r s t  one descending and the  second one ascend- f 
ing)  -- condi t ions which q u i t e  frequently 
f e r "  is  never  optimal and the  o t h e r  types 
impulses which a re  not i n f i n i t e l y  small. 

a r e  only planned -- the  "remote t r ans -  
of t r a n s f e r  never have more than two 

Optimal o r b i t  ascents  a l s o  have been 
s t u d i e s  [ 76 ,  771 ; s o  far they have always 
always b i -  o r  t r i - impulse  so lu t ions ) .  

t he  sub jec t  of very few a n a l y t i c a l  
l ed  t o  impulse so lu t ions  (almost 

This i s  t h e  case of t r a n s f e r s  between e l l i p t i c a l  o r b i t s  which a r e  not 
secant  wi th  respect  t o  t h e  p lane t  of a t t r a c t i o n  which has been by f a r ,  t he  one 
sub jec t  t o  the  most extensive s t u d i e s .  We w i l l  examine it now i n  d e t a i l :  

Optimal t r a n s f e r s  between e l l i p t i c a l  o rb i t s  n o t  secant  w i t h  respect t o  t h e  
p lane t  of a t t r a c t i o n  132-75, except 48 and  691. 

The p o s s i b i l i t y  of breaking down the powered a rc s  i n t o  elements descr ibed 
i n  one s i n g l e  i n t e r v a l  t u rn  permits us t o  r e v e r t  always t o  a s tudy of t h e  i m -  
pu l se  case.  

I t  has  been demonstrated t h a t  t h e  optimal so lu t ions  never include s ingu la r  
a r c s  [196] and i t  is  l i k e l y  t h a t  they are always e i t h e r  of t h e  mono-, b i - ,  o r  
t r i - impulse  type,  o r  of  t h e  b ipa rabo l i c  type (Figure 5 ) ,  with two f i n i t e  i m -  
pu lses  t a n g e n t i a l  t o  t he  per igees  and two impulses i n f i n i t e l y  small a t  la rge  
d is tances  ( t o  pass from one quasi-parabola t o  another) .  This l a t t e r  type espe- 
c i a l l y  i s  always optimal i f  the  angle formed by the  i n i t i a l  and f i a n l  o r b i t  
planes is  g r e a t e r  than 60.1850". 

5 



The fol lowing a r e  the  three  most important cases s tud ied  a n a l y t i c a l l y :  / 8  

I .  Optimal t r a n s f e r s  b e t w e e n  nearly 
c i rcu lar  c lose  o r b i t s  [70,73,91,93,94,95]. 

This case i s  ev ident ly  of  very grea t  
p r a c t i c a l  importance. The f irst  -order  
s tudy  leads t o  so lu t ions  of t h e  following 
four types (Figure 6 ) :  

Type I :  Bi-impulse type (two wel l -  
determined i mpul s es  ) 

Type 11: Bi-impulse nodal type (two 
well-determined impulses appl ied  t o  the  
nodes and symmetrical d i r e c t i o n s  with re -  
spect t o  the  o r b i t  plane)  

Type 111: Singular  t r i -dimensional  

c e r t a i n  choice is  ava i l ab le  i n  the  po- 
s i t i o n  of optimal impulse, bu t  
t he  optimal d i r e c t i o n  of t he  
t h r u s t  is always wel l  de t e r -  
mined; it i s  always i n  one of 
t he  two planes containing the  
tangent  and i n c l i n e d  30" with 

Figure 5. The Biparabolic Transfer.  type.  This i s  a degenerate type:  A 

respec t  t o  the  l o c a l  ho r i zon ta l .  

Type I b i s :  Singular  plane.  
This type corresponds t o  Type I 
i n  t h e  case o f  a p lane .  The 
t h r u s t  i s  t a n g e n t i a l ,  bu t  the  
optimal po in t  of app l i ca t ion  of 
t he  t h r u s t  i s  no longer de t e r -  
mined; t h i s  is  a second case of 

Ir 

m 

Figure 6 .  T h e  Four Optimal Transfer 
Types Between Near-circular Close 

Orbi t s .  

degeneracy. 

The f i r s t - o r d e r  s tudy i n  
t h e  case where t h e  e c c e n t r i c i t y  
of  t he  o r b i t s  i s  low, but  y e t  
large with r e spec t  t o  t h e  magni- 
tude of  t h e  t r a n s f e r  [91, 941 
and t h e  second order  s tudy [73] 
e l imina tes  the  degeneracies and 
leads t o  b i -  or tri- impulse 
so lu t ions .  

11. Transfers  b e t w e e n  coplanar 
e l  1 i p t i ca 1 orb i ts . 

6 



T h i s  case has been almost t o t a l l y  inves t iga ted .  

A s tudy of  t h e  area of maneuverability [3-51 leads t o  t h e  not ion  of t h e  /9 
"useful angle" (Figure 7) ou ts ide  of which any t h r u s t  o r  impulse i s  nonoptimal. 

This angle ,  always cons i s t ing  of 
two angles opposed by t h e  summit 
and which a r e  loca ted  wi th in  t h e  
acute  angle  of t h e  tangent  and t h e  
l o c a l  h o r i z o n t a l ,  always occupies 
less than  20% of  these  acute  an- 
g l e s ;  today it i s  known with g rea t  
accuracy [65,66,68,70,72,74,75] and 
does not  depend on t h e  e c c e n t r i c i t y  
e of t h e  oscu la t ing  o r b i t  and t h e  
t rue  anomaly of the poin t  
s tud ied  : 

A 

f 4 8e3 sin3y $$= e s i n v  + 
3 + e - ~  (3+e cos*J 

Figure 7. The Useful Angle. 

( t h i s  expression i s  n o t  always appl icable  t o  e > 0.925, a value s t a r t i n g  a t  
which the  area o f  maneuverabili ty undergoes a major q u a l i t a t i v e  change [66,68]) .  

where x = e cos z, ( the second term contains e 3  sin3 z, and not  e 3  sin 2) as  shown 
i n  [74] by e r r o r ) .  

The commutations which determine the succession of optimal impulses come 
about whenever the  s i d e s  of t h e  use fu l  angle coincide with t h e  t h r u s t  d i r e c t i o n ;  
they are known very accura te ly  [66,70,72]. 

We w i l l  use the  l e t t e r  A t o  designate an a c c e l e r a t i n g  impulse (drawn ahead 
o f  t h e  use fu l  angle,  Figure 7) and t h e  l e t t e r  D t o  des igna te  a dece le ra t ing  
impulse. 

The optimal t r a n s f e r s  include e ight  p o s s i b l e  types :  A - D - AA - AD - DD - 
- AAD - ADD and b ipa rabo l i c  (Figure 5 ) .  

The one-impulse modes (A or D) a r e  rare because of t h e  smallness of t h e  
use fu l  angles  and t h e  three-impulse modes (AAD o r  ADD) apply only t o  very l a r g e  

7 



e c c e n t r i c i t i e s :  
t i a l  and f i n a l  o r b i t s  be  g r e a t e r  than 1 . 7 1 2  ( f o r  a more accura te  d e s c r i p t i o n ,  
see the  "Moyer domain" and condi t ions regarding t h e  o t h e r  elements i n  [74] ) .  

i t  i s  necessary t h a t  the sum o f  the  e c c e n t r i c i t i e s  of  t he  i n i -  

they are no t  of  t h e  "biparabol ic  
type" are of t h e  "AD symmetrical" 

111. Trans fers  between c o a x i a l  o r b i t s  (coplanar  and 
noncop 1 anar) . I 

16. 
Two e l l i p t i c a l  o r b i t s  w i l l  b e  c a l l e d  coaxia l  i f  

they have the  same maj or -ax is  d i r e c t i o n .  We d i s t i n -  
guish between d i r ec t - coax ia l  o r b i t s  (per igees  on the 
same s i d e )  and inverse  coaxia l  o r b i t s .  

These transfers, whose s tudy was begun i n  [33,40, /11 
43,56,57,60,65,71,75] were completely analyzed by 
C .  B. Winn [71  b i s ] ;  they  contained as a s p e c i f i c  case 
t r a n s f e r s  between c i r c u l a r  o r b i t s .  

F i g u r e  9 .  Equal Coplanar 
o r b i t s  -- Symmetrical AD- The optimal so lu t ions  use in te rmedia te  o r b i t s  
Type Trans fer .  

8 

which a re  coaxial  with the  i n i t i a l  o r b i t  O and t h e  
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f i n a l  o r b i t  0 They a r e  of t he  following types :  f ' 
1. Biparabolic type  (Figure 5 ) .  This mode may be considered of  t h e  tri- 

impulse type i f  0 and 0 a re  d i rec t -coaxia l  o r b i t s .  
0 f 

2 .  Two-impulse type so lu t ions  : between 
d i rec t -coaxia l  o r b i t s  the  t r a n s f e r  i s  o f  t he  
"generalized Hohmann type" (Figure 10) with an 
intermediate e l l i p s e  whose apogee i s  a t  the  
highest  apogee and whose per igee  i s  the  per igee  
of the  other o r b i t ,  

Between inverse  coaxia l  o r b i t s  the  t r ans -  
f e r  i s  performed e i t h e r  ''by per igees"  o r  I'by - apogees" (Figure 11).  

Figure 10. Direct o r  A l i g n e d  3. Three-impulse type (Figure 12).  
Coaxial Orbi ts  -- T h e  
"General ized Hohmann Transfer". The th ree  impulses occur on t h e  ax is  a t  I 1' 

There a r e  two intermediate  e l l i p s e s  12' and 13. 

whose axes a r e  1112 and 1213. If 0 and 0 a r e  d i r e c t  coaxia l  e l l i p s e s ,  I and 

I a re  t h e i r  per igees  and those  o f  t h e  intermediate e l l i p s e s .  I i s  t h e  common 

and Of. 

0 f 1 

3 2 
apogee of the  l a t t e r  and i s  f a r t h e r  
removed than the  apogees of 0 

0 

Determination of  t he  planes of /12  
intermediate  e l l i p s e s  and of pos i t i on  
I i s  similar t o  an o p t i c a l  problem. ar, 2 

If 0 and 0 a r e  c i r c u l a r  o r b i t s ,  

Figure 13 shows t h e  optimal t r a n s f e r s  
mode as  a func t ion  o t  t h e  r a t i o  r of 
the  r a d i i  (assumed < 1 i f  necessary,  
due t o  r e v e r s i b i l i t y )  and of t he  angle 
i of the  o r b i t a l  p lanes .  

0 f 

The remarkable study by C .  B. Winn 
[71 b i s ]  permits  a determinat ion i n  
each case of t h e  optimal t r a n s f e r  mode 
and the  p o s i t i o n  of  t h e  intermediate  
e l l i p s e  (s) . Following a re  examples of I I 

diagrams of cases  where t h e  i n i t i a l  
Figure 1 1 .  Inverse o r  Opposing Coaxial o r b i t  e c c e n t r i c i t y  i s  zero followed by I 

Orbi t s .  T h e  Transfers  "By the  Perigees" 0 .1 ,  
and "By t h e  Apogees". 

I 
I 

~ 

I 1. Disposi t ion of the  graphics 

(Figure 14) .  %b a, fi-eo) is the d i s t ance  t o  tile cen te r  of t n e  per igee of 

t h e  i n i t i a l  o r i b t ;  l ikewise,  aF (4 + and Pf = q ( i - e F )  (assuming by AF' 
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convention e < 0 while Oo and 0 a r e  inverse coaxia l  o r b i t s ) ,  f f 
2.  Case where e = 0 

0 

and O f  
i is  the  angle formed by planes Oo 

2 : two-impulse t r a n s f e r  

3 : three-impulse t r a n s f e r  

BP : biparabol ic  t r a n s f e r  

/13 3. Case where e = 0.1  

Other cases  were s tud ied  a n a l y t i c a l l y  such as 
the  in f in i t e s ima l  r o t a t i o n  of t h e  o r b i t  plane [87] 
as  wel l  as t r a n s f e r s  between o r b i t s ,  one of which 

0 

02 

Figure 12.  T h e  Three-impulse 
Transfer .  has i t s  eccen t r i c i ty  c lose  t o  1 [74, 751; they 

1' 
0 5  d 

Figure 13.'  Optimal Transfer  Type 
Between C,ircular 0 , rb i t s ;  r = 
= Radius ra t io .  

always lead t o  so lu t ions  which never  have 
more than th ree  f i n i t e  impulses. Further-  
more, optima 1 hyperb o 1 a- e 1 l i p s e  t r a n s  f e  rs 
a r e  easy t o  obtain [74] .  

From the  p r a c t i c a l  viewpoint, the  
accomplishment of t h e o r e t i c a l  impulses by 
way o f  one o r  more maximal t h r u s t  a r c s  ( i f  
there  a re  seve ra l  of them, they a r e  one 
ro t a t ion  apa r t )  leads t o  so lu t ions  [161] 
hardly more cos t ly  than the impulse so lu-  
t i o n s .  Moreover, the  performance of  rendez- 
vous a t  t h e  same p r i c e  as simple t r a n s f e r  
has been accomplished by a very simple and 
elegant  

P, I 
I - 

'. * 2  + . :  b 

0 q25 1 - -. - 4 -  
Figure 14. Disposi t ion o f  t h e  Graphics. 

so lu t ibn  [78, 2 i 3 ,  2261 by k i n g  an 
intermediate  o r b i t  of t he  proper 
per iod .  F ina l ly ,  the  p r a c t i c a l  
so lu t ions  similar t o  b ipa rabo l i c  
t r a n s f e r s  (Figure 5)  a r e  of g rea t  
i n t e r e s t  i f  t h e  angle i i s  la rge .  

2 .2  - Transfers  of f i xed  dura t ion  

2 . 2 . 1  Close o r b i t s .  

The problem of t r a n s f e r s  of 
f i xed  durat ion between c lose  o r b i t  
o r b i t s  i s  wel l  s u i t e d  f o r  ana lys i s  
The hypothesis of small  d i s tances  

(of t he  order  of E) of t h e  oscula- 
t i n g  o r b i t  during the  t r a n s f e r ,  
with respec t  t o  a nominal r e f e r -  
ence o r b i t ,  permits t he  l i n e a r i z a -  
t i o n  of t h e  problem. The se l ec -  
t i o n  of  the  o r b i t a l  elements as 

10 



t h e  coordinates  of state leads t o  a p a r t i c u l a r l y  simple adjunct which i s  a l i n -  
e a r  func t ion  of -time [Sl ,  871 o r  even constant [91], i f  t he  s i x t h  component i s  
proper ly  chosen. 

Figure 15. Case Where e = 0. 
0 

i = 00 i - 30° i = 40° 

Figure 16. Case Where e = 0.1.  
0 

i = 500 I 

The use of the  "ef f ic iency  curve" in s t ead  of  t he  p i l o t  moving body P i n  
mobile axes ( f i r s t  Lawden locus [16]) is of g r e a t  i n t e r e s t .  

The so lu t ion  i s  much s impler  i n  the case of (S2) propuls ion systems, where / 1 4  
t he  f i r s t - o r d e r  general  s o l u t i o n  can be obtained [80, 811 and where, f u r t h e r -  
more, t he  t r a n s f e r  problem between c i r c u l a r  c lose  o r b i t s  [82] followed by t h a t  
of  rendezvous between nea r ly  c i r c u l a r  close o r b i t s  [83] has been s tud ied  i n  de- 
t a i l .  

In t h e  case of (Si)  propulsion systems, the  law o f  a l l -or -noth ing  t h r u s t  
introduces n o n l i n e a r i t i e s  even i n  the f i r s t - o r d e r  s tudy.  Few general  r e s u l t s  
can be obtained.  

Meanwhile, l e t  us quote t h e  following r e s u l t s  [91]:  

In  t h e  case of  t r a n s f e r s  between any given e l l i p t i c a l  c lose  o r b i t s ,  t he re  
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can be  a t  the most t h r e e  arcs o f  maximum th rus t  (or ,  a t  t he  l i m i t ,  t h r e e  i m -  
pu lses )  pe r  revolu t ion .  

In the  case of t r a n s f e r s  between nearly circular o r b i t s  of e c c e n t r i c i t y  
e < order  of  E << 1, except i n  a s i n g u l a r  case,  t he re  are never more than two 
arcs of maximal t h r u s t  (or two impulses) per revolu t ion .  

Note: 
one revolu t  i on. 

t he  two preceding r e s u l t s  assume the dura t ion  of t h e  t r a n s f e r  t o  exceed 

The s i .ngular  cases  (of t he  l i n e a r l i z e d  problem) where the  s o l u t i o n  i s  no 
longer unique but  degenerates i n t o  a large number o f  s o l u t i o n s  (with a c e r t a i n  
amount of  l i b e r t y  i n  the  choice of  pos i t i on  of  t h e  po in t s  of app l i ca t ion  and 
the  magnitude of t h r u s t )  can only occur f o r  t r a n s f e r s  between nea r ly  c i r c u l a r  
o r b i t s  (e - < orde r  of  E << 1 ) .  In t h i s  case, t h e r e  are two types of s i n g u l a r  
s o l u t i o n s :  type I b i s  ( s ingular  plane) and type I11 (s ingular  t r id imens iona l )  
a l ready  discussed i n  sec t ion  2 . 1 .  

I t  i s  a l s o  poss ib l e  t o  obta in  r e s u l t s  concerning t h e  phenomena of induct ion  
(nonimposed v a r i a t i o n s  of c e r t a i n  o r b i t a l  elements,  induced by the  imposed v a r i -  
a t ions  of o t h e r  o r b i t a l  elements) which genera l ize ,  i n  t he  case of (S1) propul-  

s i o n  systems, t h e  r e s u l t s  concerning the  decouplings encountered f o r  (S ) pro-  

pu l s ion  systems [ 811. 
2 

There is mutual noninduction between t h e  r o t a t i o n  of t h e  o r b i t a l  p l ane  and 
t h e  modif icat ions i n  t h e  o r b i t a l  plane,  but  t h e r e  is  no decoupling between t h e  
two problems , 

Simi lar  r e s u l t s  are obtained i f  t h e  number of revolu t ions  i s  an i n t e g e r  (or  
f o r  a l a rge  number of r evo lu t ions ) .  
c e r t a i n  p a r t i c u l a r  t r a n s f e r  classes which a re  of  evident  p r a c t i c a l  i n t e r e s t  [91].  

The a n a l y t i c a l  s tudy may be extended t o  

The complexity of t h e  s tudy of these p a r t i c u l a r  cases  increases  as the  / 15 
number of  o r b i t a l  elements increases  whose v a r i a t i o n  i s  imposed, although, i n  
c o n t r a s t ,  s i m p l i f i e d  hypotheses must be formulated on an inc reas ing  scale.  

1. In f in i t e s ima l  optimal "d i la ta t ion"  of t h e  semi-major ax is  may be d e a l t  

The maximal t h r u s t  i s  t angen t i a l  and appl ied  t o  each r evo lu t ion  over 
with i n  t h e  e l l i p t i c a l  case f o r  an i n t e g r a l  number (or  a la rge  number) of revo- 
l u t i o n s .  
an arc which circles t h e  per igee .  

2 .  I n f in i t e s ima l  optimal r o t a t i o n  of t h e  plane is a l s o  discussed i n  t h e  
same hypotheses.  The maximal t h r u s t  i s  normal t o  the  o r b i t a l  plane and appl ied 
t o  one o r  two a r c s  during each revolut ion [84, 873 (Figure 17a). 

3. Optimal t r a n s f e r s  between coplanar c i r c u l a r  c lose  o r b i t s  were s tud ied  
f o r  any given t r a n s f e r  angle [85-911. 

A d i s t i n c t i o n  must be made between t h e  r e g u l a r  and t h e  s i n g u l a r  s o l u t i o n s  
(of t he  l i n e a r i z e d  problem). The l a t t e r  can r e s u l t  only f o r  t r a n s f e r  angles 

1 2  



above 180". 

a b 

Figure 17. Inf ini tes imal  Rotation o f  t he  Orbi ta l  Plane.  

The r egu la r  s a l u t i o n s  include an a l t e rna t ion  o f  maximal t h r u s t  and b a l l i s -  
t i c  a r c s  (Figure 18a).  Optimal t h r u s t  is antisymmetric with respec t  t o  t h e  ax is  
of symmetry of  the  t r a n s f e r  arc. The law of t h r u s t  o r i e n t a t i o n  and consumption 
depends not  only on t h e  t r a n s f e r  angle but a l s o  on the  maximal t h r u s t  a v a i l a b l e .  

a 

Figure 18. Transfer  Between Circular Coplanar C 

b 

ose O r b i t s .  

/ 16 
The s i n g u l a r  so lu t ions  a re  of t h e  type I b i s  ( s ingular  plane)  and 
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correspond t o  a t angen t i a l  app l i ca t ion  of t h e  t h r u s t .  
of t h e  l inear ized  so lu t ion .  In f a c t ,  i t  is s u f f i c i e n t  t o  divide the  t h r u s t  
along the  t r a n s f e r  a r c  i n  such a way t h a t  t h e  "d i l a t a t ion"  des i r ed  i s  obtained 
and t h a t  t h e  "center  of mass" of t h e  p a r t i t i o n  be a t  t h e  cen te r  of the  o r b i t .  
These s ingu la r  so lu t ions  a r e  p a r t i c u l a r l y  important because the  s p e c i f i c  
"d i l a t a t ion"  i s  then maximal ( in  the  l inear ized  s tudy)  (Figure 19).  

This i s  a degeneration 

This degeneration disappears i f  
we make a s tudy a t  h igher  orders  than  c 
those  of s i n g u l a r  so lu t ions  [ 8 6 ,  891. 

4. This higher-orders  s tudy could 
be general ized t o  cover t h e  cases of  
optimal t r a n s f e r  planes of the  Hohmann 
type between near ly  c i r c u l a r ,  coaxial-  
d i r e c t ,  and nonsecant c lose  o r b i t s  

_-- These t r a n s f e r s  a r e  accomplished /17  
economically by using the  two-impulse 
Hohmann s o l u t i o n  i f  t h e  t h r u s t  of t he  

Otherwise, they cons i s t  of a succession 
of  a rc s  of maximal t h r u s t  of s l i g h t l y  
decreasing dura t ion  s t a r t i n g  with the  

4% 

[go, 911. [ 0 'j 
b/' 

Figure 19. Hohmann-type Solut ion and motor i s  not  l imi ted  (Figure 20). 
Degenerated Sol u t i  ons . 

per igee  and moving toward the  apogee (Figure 21).  

Figure 20. Hohmann Transfer .  Figure 21. L i m i t e d  Thrust Case -- 
Third Order S t u d y .  

Optimal t h r u s t  i s  appl ied  i n  p rac t i ce  according t o  a b i s e c t o r  of the  angle 
formed by t h e  loca l  ho r i zon ta l  and t h e  tangent t o  t h e  t r a j e c t o r y .  
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The d i f fe rence  between the c h a r a c t e r i s t i c  v e l o c i t i e s  ( i n t e g r a l  o f  t h e  
t h r u s t  acce le ra t ion )  of such a s o l u t i o n  and t h a t  of t h e  Hohmann s o l u t i o n  re la-  
t i v e  t o  t h e  same t r a n s f e r  i s  of t h e  t h i r d  order  with respec t  t o  t h e  magnitude 
of t h e  t r a n s f e r ,  even f o r  arcs of r e l a t i v e l y  long- l a s t ing  t h r u s t .  
the  degenerat ion noted i n  t h e  l i n e a r i z e d  study of such s o l u t i o n s .  

This exp la ins  

5.  The s o l u t i o n  r e l a t i v e  t o  t h e  optimal long- las t ing  rendezvous between 
nea r ly  c i rcu lar  c lose ,  coplanar o r  noncoplanar o r b i t  [96],  i s  simply der ived 
from t h a t  p e r t a i n i n g  t o  t h e  t r a n s f e r s  (Cf. s e c t i o n  2.1) .  

According t o  the  rendezvous t o  be performed, the  optimal s o l u t i o n  i s  of 
types I ,  I b i s ,  11, I11 (as i n  the  t r a n s f e r  case)  o r ,  f o r  d i s t a n t  rendezvous, 
o f  two new types :  type I V ,  wi th  fou r  impulses (which can be reduced t o  t h r e e )  
and type  I V  b i s ,  i n  a s ingu la r  p lane .  

A convenient choice of t h e  v a r i a b l e  described and of  t h e  s i x t h  component 
of s t a t e  permits  discussion of t he  rendezvous case where t h e  i n i t i a l  angular  
s h i f t  i s  l a r g e ,  while t h e  majori ty  of the s t u d i e s  dea l ing  with these  problems 
d i scuss  only rendezvous where t h i s  s h i f t  is i n  t h e  order  of  E [96-1141 and, 
furthermore,  o f t en  contains  major s impl i f ied  hypotheses [104-108, 111-1131. 

/18 

The f ixed-t ime t ransfer  problem between c lose  o r b i t s  i s  ev iden t ly  t i e d  t o  
t h e  problem of  o r b i t  cor rec t ions  from t h e i r  de t e rmin i s t i c  [115-1201 o r  s tochas-  
t i c  [ 121-1291 viewpoint. 

2 .2 .2  - Dis tan t  Orbi t s .  

The f ixed-t ime t r a n s f e r  problem between d i s t a n t  o r b i t s  i s  very d i f f i c u l t  
t o  so lve .  

m 

For "high th rus t "  propuls ion systems, t he  number of impulses assumed i s  
gene ra l ly  f ixed  a priori and the  impulses are determined i n  such a way t h a t  
t h e i r  sum is minimal [130-1361. 

For "low thrus t ' !  propulsion systems, t h e  s t u d i e s  are e s s e n t i a l l y  of a nu- 
merical  o rder .  Frequently,  the  command l a w  is p a r t l y  imposed (or indeed t o t a l l y  
imposed, which e l imina tes  any opt imizat ion!) .  

We thus d i s t ingu i sh  among the  following: 

1. For (S ) propulsion systems, the s t u d i e s  where t h e  (modulable) t h r u s t  
a c c e l e r a t i o n  i s  optimal and where the  t h r u s t  d i r e c t i o n  i s  t a n g e n t i a l  [137] o r  
optimal [138-1521. 

2 

The remarkable purely a n a l y t i c a l  s tudy of  l ong- l a s t ing  cases performed by 
Edelbaum [140] should be s ing led  out .  

2 .  For (S ) propulsion systems, the s t u d i e s  where the  t h r u s t  i s  optimal 
(succession of maximal t h r u s t  and b a l l i s t i c  a r c s )  and where t h e  thcus t  d i r e c t i o n  
makes a constant  angle with t h e  loca l  ho r i zon ta l  [153], o r  i s  ho r i zon ta l  [154] 
o r  i s  optimal [155-1621. 

1 
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. One p a r t i c u l a r  case of t h i s  type o f  s tud ies  concerns t r a n s f e r s  where maxi- 
mal t h r u s t  is  appl ied  continuous l y  . 

Very o f t en ,  i n  o rde r  t o  s impl i fy  t h e  ca l cu la t ions ,  it i s  assumed t h a t  i t  /19 
i s  t h e  t h r u s t  acce le ra t ion  and no t  t h e  th rus t  f a r c e  which i s  cons tan t .  

The t h r u s t  d i r e c t i o n  i s  then assumed f ixed  [163], r a d i a l  [164-1681, tan-  
g e n t i a l  [169-1741, normal [175], making a constant  angle with the  l o c a l  h o r i -  
zonta l  [176-1781, o r  optimal [179-1871. 

2.3. S i n g u l a r  a r c s  [189-1961 

Singular  arcs whose prototype i s  Lawden's s p i r a l  (Figure 22)  [189], are 
found i n  s tud ies  of S propuls ion systems (ejec-  1 
t i o n  ve loc i ty  imposed, cos t  parameter = charac te r -  
i s t i c  f i n a l  ve loc i ty  C ) .  

To study them, l e t  us use t h e  Pontryagin 
f 

theory [ 21 with t h e  following parameters : 

1. Parameter of s t a t e :  r ,  4 

t 
d' 4 

v (= J, C(t)=jVJk b 

2 .  Command parameter:  p=. acce le ra t ion  due t o  the  

motors (hence dv=?- p c  ) ;  a i s  sub jec t  t o  

t h e  conditions 0 T<  LamrJ 1, where r,, is  a 

given function of  C. 

3. Pontryagin parameters a s soc ia t ed  with r, V and 

C: 4, $v, 3c; I f v ,  an e f f i c i ency  vec to r ,  i s  

- 
.(Lt r3 ' 

\ 

F igu re  22. Lawden's S p i r a l .  
+ 3  

Lawden's "primer vector".  
-+ 4 

From t h e r e ,  we obta in  the  Hamiltonian H: H r --c v i- c.(T - Pb 

Let us  make 

I .  

= P v ;  the  maximization o f  H leads t o :  
+ 

i s  p a r a l l e l  t o  4 and poin ts  i n  the  same d i r e c t i o n .  
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' In  general ,  t he re fo re ,  y = 0 or y,,,. 

s e l e c t i n g  y p r e c i s e l y  i n  such a way t h a t  P 
The s i n g u l a r  a r c s  a r e  obtained by 

+ PC V 
i s  zero a l l  along the  arc. 

They t h e r e f o r e  meet Pontryagin's  opt imal i ty  condi t ions .  

We must therefore  s e t  down t h a t  P t P and i t s  success ive  de r iva t ives  are /20 
v c  

zero: w e  c a l c u l a t e  the  expression of these de r iva t ives  up t o  t h e  po in t  where one 
of them (in fac t ,  t h e  four th  one) contains y e x p l i c i t y  which permits  determining 
t h e  necessary acce le ra t ion  value.  

Clear ly ,  a similar ca l cu la t ion  can be made f o r  any fo rce  f i e l d .  The 
de r iva t ive  of Pc is  obtained e a s i l y :  

d t  ac 
For P we obta in :  1. f=d  ; 2 .  -b)= d t  -jp,,,,O ++ 

dt V 

. 

I 

We make s - p.%,aev ( 'p lis therefore  t h e  p o s i t i v e  upward angle of  t h e  
r 

d i r e c t i o n  o f  3 and of  with the loca l  ho r i zon ta l  p lane . )  From the  equat ion 
V 

2 1  
3 - 3  

2 1 - 3s , therefore  s < - , t h e r e f o r e l q g  35.264'. 2 2 
r 

- (Pv)  w e  obta in  P = 
d2 
dt' r 

The i n t e g r a t i o n  of  t h e  plane s ingular  arcs i s  easy [196], They ve r i fy ,  i n  
p o l a r  coordiantes  r and 8 ,  (Figure 23),  t he  equat ion:  

.r=- s +- 
I$ g 

and t h e  quadrature  : J$S-4S?-W 

d\P psa-HrJ 

(r i s  of  constant  l eng th ) .  1 

For H = 0 ,  t h e  arc obtained i s  Lawden' 
s p i r a l  (Figure 22).  

For r = +m w e  ob ta in  t h e  r e v e r s i b l e  arc 1 
(Figure 24), with a check po in t  a t  A f o r  

s 2  = - and a po in t  B where y becomes 0 ( i t  1 
3 

F i g u r e  23. P lanar  S i n g u l a r  Arc .  

i s  then necessary t o  change the  sign of s and t h a t  o f  H i n  o rde r  t o  preserve  t h e  
func t ion  y > 0 ) .  - 

/21 The only t r i -dimensional  in tegra ted  case i s  t h a t  of  t h e  "c i r cu la r  arc"  
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(Figure 251 whose semi-angle i s  a t  the center :  Arc sin a (= 35.264"). 
3 
I n  the  o the r  cases, t h e  

i n t e g r a t i o n  must be  f a c i l i -  
t a t e d  by us ing  first i n t e -  
g r a l s  [ 2 7 ] :  

1. H = cons tan t ;  
' 

A 
= constant  vec tor ;  

I" . e= 
Figure 24.  T h e  Reversible Arc. 3 .  K = C + %E 

6 -1 -My = constant  ( the l a t t e r  

arcs and impulse t r a n s f e r s ) .  
4 app l i e s  only t o  s i n g u l a r  * I  

Figure 25. T h e  Circular  Arc. 

The s ingular  arcs s a t i s f y  Pontryagin 's  
opt imal i ty  condi t ions,  bu t  t h e s e  condi t ions are 
i n s u f f i c i e n t  according t o  many s t u d i e s  dea l ing  
with t h e  necessary and s u f f i c i e n t  opt imal i ty '  
condi t ion [191, 194-1961. 

We thus ob ta in  the  following: 

1 .  Every s i n g u l a r  arc conta in ing  a po r t ion  
f o r  which s i s  p o s i t i v e  i s  nonoptimal; p a r t i c u -  
l a r l y  Lawden's s p i r a l  and the  " c i r c u l a r  arc" are 
not  optiaml. 

2 .  The same app l i e s  i f  t h e  f i n a l  time t i s  f 
undetermined and if one of  t he  dynamic condi t ions  
found along the  arc  s tud ied  corresponds t o  an 
e l l i p t i c a l  o r b i t  not secant  with respec t  t o  t h e  
a t t r a c t i o n  p l a n e t :  
p l i shed  by making one o r  more tu rns  around the  
cen te r  of a t t r a c t i o n .  

a major economy can b e  accom- 

3 .  Let us consider  a p i ece  of s i n g u l a r  arc 
on which s i s  always negat ive  ( fo r  example, arc 

BAB, Figure 24) and l e t  us  make t h e  following assumption f o r  t h i s  s e c t o r :  

Every po r t ion  whose time i s  l e s s  than (- F) of t h e  p iece  of  arc  

s tud ied  i s  optimal if one o f  t he  following cases app l i e s :  
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A. If t i s  f ixed .  

B. If H = 0 and i f  t i s  sub jec t  t o  t f  f 
f 

C .  If H = 0 ,  t i s  undetermined, and if none of t h e  dynamic condi t ions f 
found along t h e  t r a j e c t o r y  of t h e  po r t ion  under s tudy corresponds t o  an e l l i p -  
t i c a l  o r b i t  no t  secant  t o  the  p l ane t  of  a t t r a c t i o n  (and provided t h a t  t hese  
e l l i p s e s  are not  access ib le  a t  a p r i c e  lower than t h a t  of t h e  por t ion  s t u d i e d ) .  

The real  l i m i t  time i s  probably much h igher  than (- p). 
The ques t ion  of optimal junc t ion  of s ingular  arcs t o  ordinary a rc s (ba l1 i s -  /22  

t i c  o r  maximal t h r u s t )  i s  a l s o  q u i t e  d i f f i c u l t  except if y +. 0 o r  y a t  t h e  

extremity o f  t h e  s ingu la r  arc (or i f  s -+ 0) .  Otherwise, t h e r e  i s  an i n f i n i t y  
of  b a l l i s t i c  arcs and a l t e r n a t i n g  maximal-thrust a rcs  immediately next  t o  t h e  
extremity o f  t h e  s i n g u l a r  arc. 
(but t he re  are some which a r e  opt imal) .  In t h e  impulse case ,  t he  s i n g u a l r  arc 
simply terminates  with an impulse followed by a b a l l a s t i c  arc. 

max 

Such a s e r i e s  i s  ev iden t ly  d i f f i c u l t  t o  analyze 

This s tudy  of  ad jo in ing  o r b i t s  shows p a r t i c u l a r l y  well  t h a t  s i n g u l a r  a rcs  
are found i n  t h e  general  cases and not i n  t h e  p a r t i c u l a r  cases  (although they  
themselves are connected only with i n i t i a l  and f i n a l  condi t ions which s a t i s f y  
many given r e a l t i o n s h i p s ) .  

Contensou proposed an extension o f  the not ion o f  t h e  s i n g u l a r  arc ( t o  the  
case o f  t r a n s f e r  o f  undetermined duration of  e l l i p t i c a l  o r b i t s )  : 
app l i ca t ion  po in t  o f  t he  a l t e r n a t e  th rus t  between two (or  more) pos i t i ons  along 
t h e  o r b i t  and t h e  t r a n s f e r  c o n s i s t s  o f  an i n f i n i t y  of  i n f i n i t e s i m a l  impulses 
loca ted  a l t e r n a t e l y  a t  t h e  var ious optimal pos i t i ons  (which requi res  t h e r e f o r e  
an i n f i n i t y  o f  o r b i t s ) .  
Pontryagin 's  condi t ions b u t ,  s o  f a r ,  none o f  them i s  t r u l y  optimal.  

t h e  optimal 

Actual ly ,  such t r a n s f e r s  were found which s a t i s f y  

3 .  CONCLUS I ON 

The a n a l y t i c a l  s tudy o f  optimal t r ans fe r s  and rendezvous between kep le r i an  
o r b i t s  has  made grea t  progress  i n  recent years ,  inc luding  t h e  s o l u t i o n  o f  par -  
t i c u l a r  cases (many cases are well-known a t  p r e s e n t ) ,  as w e l l  as from the  gen- 
eral  t h e o r e t i c a l  viewpoint [ fo r  example: optimal s o l u t i o n s  make use of modulated- 
t h r u s t  arcs f o r  type S propuls ion systems ( e j ec t ion  t h r u s t  imposed) and gener- 

a l l y  of  b a l l i s t i c  arcs and maximal th rus t  arcs (as a r e s u l t  of t h e  impulse 
l i m i t )  f o r  type S propuls ion systems (e jec t ion  v e l o c i t y  imposed); very r a r e l y ,  
t h e r e  are a l s o  s i n g u l a r  arcs and cases of  r e t i cence  ( cha t t e r ing  a r c s ) ] .  

2 

1 

Many general  t h e o r e t i c a l  r e s u l t s  should be  obtained soon, such as, e . g . ,  
t he  maximal number o f  a rcs  of var ious types wi th in  an optimal s o l u t i o n  ( fo r  S 

systems: probably never more than  one s ingu la r  arc and, i n  t h e  impulse case,  s i x  
pu l ses .  This maximum i s  c l e a r l y  reduced t o  zero s i n g u l a r  a rcs  and th ree  i m -  
pu lses  n o t  i n f i n i t e l y  small f o r  t r a n s f e r s  between e l l i p t i c a l  o r b i t s  with unde- 
termined du ra t ion ) .  

1 
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Furthermore, it w i l l  be  very i n t e r e s t i n g  t o  s tudy t h e  p o s s i b i l i t i e s  of  
us ing  secondary forces  t h a t  e x i s t  i n  space,  such as t h e  equa to r i a l  oblateness  
of  t h e  p l a n e t s ,  atmospheric braking and maneuvering and p a r t i c u l a r l y  t h e  forces  
of a t t r a c t i o n  due t o  secondary bodies on t r i p s  i n  the  s o l a r  system [197-2111. 
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